Filippov solutions of x'{t) = f(t, x{t)) are defined in terms of a certain set-valued function called the Filippov of /. Under some fairly general assumptions, we answer the following question: The Filippovs of / and g are equal if and only if / and g relate in what way?
Introduction
Let /:R-*R be given. We define the Filippov of / as follows:
■nn(*)-n n cöävf{Be(x)\z), where m denotes Lebesgue measure, convoi represents the closure of the convex hull of the set A and Be{x) represents the open ball of radius e about the point x. Note that the Filippov is a set-valued function. The Filippov is used in defining a generalized solution of the ordinary differential equation x' = fit, x), particularly in the case of / discontinuous in x (see, for example [1, 2, 3] ).
In this paper we investigate the following question:
[
f] = &~[s] if and only if / and g relate in what way?
(It is not difficult to show that if f{x) = g(x) a.e., then &\f] -&~[g], since the Filippov operator "ignores" sets of measure zero.) To this end, consider the following. It is known that there exists a Lebesgue measurable set A ç R such that for all x e R and e > 0, we have 0 < m(A n BE(x))/m(Be(x)) < 1 (see, for example, [4] ). Define /, g: R -> R by f(x) = SfA(x) and g(x) = ^(x)
where $?¿(x) and 3?Acix) denote the characteristic functions of A and R\A respectively. It can be shown that for each x e R, &~
However, f and g do not agree anywhere. Thus, it appears that, in general, there is no "nice" characterization of the relationship between / and g in the case in which &[f] = ^[g\ (without repeating the definition in some trivial way). However, we show in this paper that under fairly general assumptions, a "nice" characterization does exist. Specifically, we obtain a characterization of the relationship between / and g in the case in which their Filippovs are singletons almost everywhere. We also give necessary and sufficient conditions for a function / to have a Filippov that satisfies this condition, plus necessary and sufficient conditions for / to have a Filippov with other properties of interest. In §2 we present some technical lemmas. In §3 we present and prove our main results.
Technical lemmas
This section consists of a list of lemmas and their proofs, which are used to obtain the main results in the final section. We assume throughout that /, g : R -> R are Lebesgue measurable. For each e > 0 and Z ç R with m(Z) -0, we have that y e conv f(Be(X)\Z). Let Zo = R\A . Then for each e > 0, ye convf(Be (X ) \Zn) .
Thus, for every e > 0 there exist le and uE such that le < y < uE and le, ue e f{Be{X)\Zo).
For each e > 0 let we e Be(x)\Zo = Be(X) n A satisfy f(ws) = uE. Let ß = y -f(x). We have thus shown that there exists ß > 0 such that for each e > 0 there exists we e Be(x) n A with fiw£) -fix) -ue -fix) > y -fix) = ß . This contradicts the continuity of f\A at x. D Lemma 2. Let f: R -> R be given. Then &"[f] is continuous when restricted to the set A on which it is a singleton {treated as a real-valued function). Proof. Assume not. Then there exists some Je € A at which !?\f] is discontinuous. Thus, there exists ß > 0 such that at least one of the following holds: We now present and prove the main results of this paper. We first present theorems that characterize /, depending on the properties of its Filippov. The first result characterizes / in the case in which it is its own Filippov. We now characterize / in the case in which its Filippov is a singleton almost everywhere. As a "bonus," we get the equivalence of these two conditions with a third property, which is condition (ii) mentioned below. (ii) => (iii): &~[f](x) is a singleton a.e., hence, by Lemma 2, &~[f] is continuous when restricted to a set of full measure, call it »Si . By hypothesis, y[/](*) = {f{x}} on a set of full measure, call it S2. We now let A = Sx nS2, and note that f\A is continuous.
(iii) => (ii): Follows easily from Lemma 1.
(ii) => (i): Trivial, since, for each x e R, {f(x)} is a singleton. □ Remark. Clearly, the properties listed in Theorem 2 imply those of Theorem 3. However, the converse is not true, since it is easy to construct an / with a Filippov, which is a singleton only almost everywhere, say, /:R->R given by f(x) = 1 for x < 0 and f(x) = -1 for x > 0.
We The following theorem covers the case in which the Filippovs are singletons almost everywhere. Note also that we include a third property, which tells us that in the aforementioned case, it is impossible for the Filippovs to agree on a set of full measure, but disagree on a set of zero measure (except, of course, for the null set). is a singleton a.e., we have by Lemma 3 that [f](x) = {f{x)} a.e. Similarly, y[g](x) = {g(x)} a.e. Thus, by hypothesis, {fix)} = {six)} a.e., that is f(x) = g(x) a.e. 
